COSET DECOMPOSITION FOR SEMISIMPLE HOPF 

ALGEBRAS 



SEBASTIAN BURCIU 

Abstract. The notion of double coset for semisimple finite di- 
mensional Hopf algebras is introduced. This is done by considering 
an equivalence relation on the set of irreducible characters of the 
dual Hopf algebra. As an application formulae for the restriction 
of the irreducible characters to normal Hopf subalgebras are given. 



Introduction 

In this paper we introduce a notion of double coset for semisimple 
finite dimensional Hopf algebras, similar to the one for groups. This is 
achieved considering an equivalence relation on the set of irreducible 
characters of the dual Hopf algebra. The equivalence relation that 
we define generalizes the equivalence relation introduced in [8]. Using 
Frobenius-Perron theory for nonnegative Hopf algebras the results from 
[8] are generalized and proved in a simpler manner. 

The paper is organized as follows. In the first Section we recall some 
basic results for finite dimensional semisimple Hopf algebras that we 
need in the other sections. 

Section [2] introduce the equivalence relation on the set of irreducible 
characters of the dual Hopf algebra and it proves the coset decompo- 
sition. Using this coset decomposition in the next section we prove a 
result concerning the restriction of a module to a normal Hopf subalge- 
bra. A formula for the induction from a normal Hopf subalgebra is also 
described. In the situation of a unique double coset a formula equiva- 
lent to the Mackey decomposition formula for groups is described. 

Section H] considers one of the above equivalence relations but for the 
dual Hopf algebra. In the situation of normal Hopf subalgebras this 
relation can be written in terms of the restriction of the characters to 
normal Hopf subalgebras. Some results similar to those in group theory 
are proved. 



Date: December 11, 2007. 
MSC (2000): 16W35, 16W40. 

The research was supported by CEx05-Dll-ll/04.10.05. 

1 



2 



SEBASTIAN BURCIU 



The next sections studies the restriction functor from a semisimple 
Hopf algebra to a normal Hopf subalgebra. We define a notion of 
conjugate module similar to the one for modules over normal subgroups 
of a group. Some results from group theory hold in this more general 
setting. In particular we show that the induced module restricted back 
to the original normal Hopf subalgebra has as irreducible constituents 
the constituents of all the conjugate modules. 

Algebras and coalgebras are defined over the algebraically closed 
ground field k = C. For a vector space V over k by \V\ is denoted the 
dimension dim^V. The comultiplication, counit and antipode of a Hopf 
algebra are denoted by A, e and S, respectively. We use Sweedler's 
notation A(x) = Yl x i ® x ? f° r an x E H. All the other notations are 
those used in [7]. 

1. Preliminaries 

Throughout this paper if denotes a finite dimensional semisimple 
Hopf algebra over K — C. It follows that if is also cosemisimple 
[5J. If K is a Hopf subalgebra of if then K is also semisimple and 
cosemisimple Hopf algebra [7j. 

Denote by Irr(if) the set of irreducible characters of if and C(ff) 
the character ring of if. Then C(if) is a semisimple subalgebra of if* 
[11] and C(if) = Cocom(ff*), the space of cocommutative elements of 
if*. By duality, the character ring of if* is a semisimple subalgebra of 
if and under this identification it follows that C(H*) = Cocom(if). 

If M is an if -module with character x then M* is also an if -module 
with character x* — X ° S. 

This induces an involution " * " : C{H) -> C(H) on C{H). 

For a finite dimensional semisimple Hopf algebra H use the notation 
A H e H for the integral of H with e(A H ) = \H\ and t H G H* for the 
integral of H* with £#(1) = \H\. It follows from [7] that the regular 
character of H is given by the formula 

XGlrr(H) 

The dual formula is 

K= < d ) d 

d&rr{H*) 

If W G if *-mod then W becomes a right if-comodule via p : W — > 
H 7 (g) if given by p{w) = ifo <E> w\ if and only if /u> = f(wi)wo for 
all w G W and / G if*. 
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Let W be a left if *-module. Then W is a right if-comodule and 
one can associate to it a subcoalgebra of if denoted by C w [4]. If W 
is simple and q — \W\ then \C W \ = q 2 and it is a matrix coalgebra. 
It has a basis {xij}i<i,j< q such that A(xy) = 52Lo x *' ® ^ or an 
1 < z,j < g. Moreover V4 / = fc<xij| 1 < 2 < g > as right if- 
comodule where p(xu) = A(xu) = J21=o x u® x u f° r all 1 < i < g. The 
character of W as left if*-module is d G C(H*) C if and it is given 
by ^ = 52f=i Then e(d) = q and the simple subcoalgebra C w is 
sometimes denoted by Ca- 
lf M and N are right if-comodules the the tensor product M <S> N 
is also a right if-comodule. The associated coalgebra of M <8> is 
is CD where C and D are the associated subcoalgebras of M and iV 
respectively (see [9]). 

2. Double coset formula for cosemisimple Hopf algebras 

In this section let if be a semisimple finite dimensional Hopf algebra 
as before and K and L be two Hopf subalgebras. Then H can be 
decomposed as sum of K — L bimodules which are free both as left 
fT-modules and right L-modules and are analogues of double cosets in 
group theory. To the end of this section we give an application in the 
situation of a unique double coset. 

There is a bilinear form m : C(H*) <8> C(H*) — > k defined as follows 
(see [S]). If M and N are two if-comodules with characters c and d 
then m(c, d) is defined as dimfcHom H (M, N). The following properties 
of m (see [8]) will be used later: 

m(x, yz) = m(y*, zx*) = m(z* , x*y) and 

m(x,y) = m(y, x) = m(y*, x*) 

for all x,y,z G C(H*). 

Let if be a finite dimensional cosemisimple Hopf algebra and K, L 
be two Hopf subalgebras of H. We define an equivalence relation 
on the set of simple coalgebras of H as following: C ~ D if C C KDL. 

Since the set of simple subcoalgebras is in bijection with Irr(if *) the 
above relation in terms of H *-characters becomes the following: c ~ d 
if m(c ,A K dA L ) > where A K and A L are the integrals of K and L 
with e(A A .) = \K\ and e(AJ = \L\ and c, d G Irr(if*). 

It is easy to see that ~ is an equivalence relation. Clearly c ~ c for 
any c G Irr(if*) since both A K and A L contain the trivial character. 

Using the above properties of the bilinear form m, one has that 
if c ~ d then m(d, A K cA L ) = m(A* cA L d*) = m(c*, A L d*A K ) = 
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m(c, A* dA*) = m(c, A^dA r ) since A* = A„ and A* = A,. Thus 
c? ~ c. 

The transitivity can be easier seen that holds in terms of simple 
subcoalgebras. Suppose that c ~ d and d ~ e and c, d, and e are three 
irreducible characters associated to the simple subcoalgebras C, D 
and E respectively. Then C C KDL and D C KEL. The last relation 
implies that i\X>L C K 2 EL 2 = KEL. Thus C C fCEL and c ~ e. 

If Ci, C 2 , • • • Cz are the equivalence classes of r 1 ^ L on Irr(id*) then let 

(2.1) ai = ^2e(d)d 

for < i < I. 

For any character d e C(H*) let L<2 and i?d be the left and right 
multiplication with d on C(H*). 

Proposition 2.2. With the above notations it follows that are eigen- 
vectors of the operator T = L A o R A on C(H*) corresponding to the 
eigenvalue \K\\L\. 

Proof. Definition of r? implies that d ~ a" if and only if ^((i', T(d)) > 

0. Since T(A Jf ) = |iif||i^|A H and A H = Yl\=i a « ^ follows that T{aA = 
|if||L|aj for all 1 < i < Z. ^' □ 

Remark 2.3. Let Ci and C2 fre two subcoalgebras of H and K = 
5^ n > C" and L = X]n>o^2 ^ e ^ e Hopf subalgebras of H generated 
by them [8]. The above equivalence relation can be written in terms of 
characters as follows: c ~ d if m(c, c™dc™) > for some natural 
numbers m, n > 0. 

In the sequel, we use the Frobenius-Perron theorem for matrices with 
nonnegative entries (see [2]). If A is such a matrix then A has a positive 
eigenvalue A which has the biggest absolute value among all the other 
eigenvalues of A. The eigenspace corresponding to A has a unique 
vector with all entries positive. A is called the principal value of A 
and the corresponding positive vector is called the principal vector of 
A. Also the eigenspace of A corresponding to A is called the principal 
eigenspace of A. 

The following result is also needed: 

Proposition 2.4. ([2\, Proposition 5.) Let A be a matrix with non- 
negative entries such that A and A 1 have the same principal eigenvalue 
and the same principal vector. Then after a permutation of the rows 
and the same permutation of the columns A can be decomposed in diag- 
onal blocks A = {Ai, A 2 , ■ ■ ■ , A s } with each block an indecomposable 
matrix. 
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Recall from [2] that a matrix A G M n (k) is called decomposable if 
the set I — {1, 2, • • - , n} can be written as a disjoint union / = Ji (J J 2 
such that a u „ = whenever w G Ji and u£ J 2 . Otherwise the matrix 
A is called indecomposable. 

Theorem 2.5. Le£ H be a finite dimensional semisimple Hopf algebra 
over the algebraically closed field k and K , L be two Hopf subalgebras of 
H . Consider the linear operator T = L A o R A on the character ring 

C(H*) and [T] the matrix associated to T with respect to the standard 
basis of C(H*) given by the irreducible characters of H* . 

(1) The principal eigenvalue of [T] is \K\\L\. 

(2) The eigenspace corresponding to the eigenvalue \K\\L\ has 
( a i)i<i<i as k~ basis were a { are defined %n \2.1\ 

Proof. 1) Let A be the biggest eigenvalue of T and v the principal 
eigenvector corresponding to A. Then A K vA L = Xv. Applying e on 
both sides of this relation it follows that |A"||L|t> = Xv. Since v has 
positive entries it follows that A = |if||L|. 

2) It is easy to see that the transpose of the matrix [T] is also [T]. 
To check that let Xi, ■ • ■ , x s be the basis of C(H*) given by the irre- 
ducible characters of H* and suppose that T(xj) = Yuj=i^ij x j' Thus 
tij = m(xj, A K XiA L ) and tji = m(xi, A K XjA L ) = m(A* , XjA L x*) = 
m(x*, A L x*A K ) = m(xj,A* K XiA* L ) = ty since A* = S(A K ) = A K and 
also A* = A L . Proposition 12.41 implies that after a permutation of the 
rows and the same permutation of the columns the matrix [T] decom- 
poses in diagonal blocks A = {Ai, A 2 , ■ • • , A s } with each block an 
indecomposable matrix. This decomposition of [T] in diagonal blocks 
gives a partition Irr(_FP) = U| =1 ^4j on the set of irreducible characters 
of H*, where each Ai corresponds to the rows (or columns) indexing 
the block A^. 

The eigenspace of [T] corresponding to the eigenvalue A is the sum of 
the eigenspaces of the diagonal blocks Ai,A 2 , ■ ■ ■ Ai corresponding to 
the same value. Since each Ai is an indecomposable matrix it follows 
that the eigenspace of Ai corresponding to A is one dimensional (see 
[2]). If bj : = J2 d€A . e(d)d then as in the proof of Proposition 12.21 it 
can be seen that bj is eigenvector of T corresponding to the eigenvalue 
A = |if||L|. Thus bj is the unique eigenvector of Aj corresponding to 
the eigenvalue \K\ \L\. Therefore each is a linear combination of these 
vectors. But if d G Ai and d' G Aj with i ^ j then m(d', T(d)) = 
and the definition of r^ implies that d oo d' '. This means that is a 
scalar multiple of some bj and this defines a bijective correspondence 
between the diagonal blocks and the equivalence classes of the relation 
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r H . Thus the eigenspace corresponding to the principal eigenvalue 



K, L 



\K\ \L\ has a k- basis given by a, with < i < I. □ 

Corollary 2.6. Let H be a finite dimensional semisimple Hopf algebra 
and K, L be two Hopf subalgebras of H . Then H can be decomposed 
as 

i 

i=l 

where each Bi is a (K,L)- bimodule free as both left K -module and 
right L-module. 

Proof. Consider the above equivalence relation r? , relative to the 
Hopf subalgebras K and L. For each equivalence class let B { = 
©cec ^ ■ Then KBiL = Bi from the definition of the equivalence 
relation. It follows that Bi = KBiL e k-M-l which implies that Bi is 
free as left iCmodule and right L-module pU] . □ 



The bimodules Bi from the above corollary will be called a double 
coset for H with respect to K and L. 

Corollary 2.7. With the above notations, if d 6 Ci then 

A A 

(2.8) 77^777 = e(d)- 



\K\ \L\ e(ai 



Proof. One has that A K dA L is an eigenvector of T = L A oR A with the 

maximal eigenvalue From Theorem 12.51 it follows that A K dA L 

is a linear combination of the elements aj. But A K dA L cannot contain 
any aj with j ^ i because all the irreducible characters entering in 
the decomposition of the product are in C{. Thus A K dA L is a scalar 
multiple of a« and formula 12.81 follows. □ 

Remark 2.9. Setting C\ = k in Theorem \2.5\ we obtain Theorem 7 [8J. 
The above equivalence relation becomes c ~ d if and only ifm(c, dc™) > 
for some natural number m > 0. The equivalence class corresponding 
to the simple coalgebra kl consists of the simple subcoalgebras of the 
powers C™ for m > 0. Without loss of generality we may assume that 
this equivalence class is C\ . It follows that 

d o,\ di 

e(d) e(a 1 ) e(a,) 

for any irreducible character d G Ci. 

Let K be a Hopf subalgebra of H and s = \H\/\K\. Then H is free 
as left .fT-module [10]. If {aj} i=1 s is a basis of H as left i^-module then 
H = Kai © Ka 2 • ■ ■ © Ka s as left K modules. Consider the operator 
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L A given by left multiplication on H. The eigenspace corresponding 

to the eigenvalue \K\ has a basis given by A K ai, thus it has dimension 
s. If we restrict the operator L A on C(H*) C H then Theorem 12.51 

implies that the number of equivalence classes of k is equal to the 
dimension of the eigenspace of L A corresponding to the eigenvalue 
\K\. Thus the number of the equivalence classes of r 11 is always less 
or equal then the index of K in H . 

Example 2.10. Let H = kQ^ a kC 2 the 16- dimensional Hopf algebra 
described in [3j. Then G(H*) =< x > x < y >= Z 2 x Z 2 and Irr(fP) 
is given by the four one dimensional characters l,x,y,xy and 3 two 
dimensional characters denoted by d 1 ,d 2 ,d 3 . The algebra structure of 
C(H*) is given by: 

x.di = d 3 = di.x, x.d 2 — g?2 = d 2 .x, x.d 3 = d x = d 3 .x 

y.di = di = di.y for all £ = 1,3 

d\ = d\ = x + xy + d 2 , d\ = 1 + x + y + xy, d\d 2 = d 2 d\ = d\ + d 3 

d\d 3 = d 3 d\ = 1 + y + d 2 

Consider K = k < x > as Hopf subalgebra of H and the equivalence 
relation r^ on lrr(H*). The equivalence classes are given by {l,x}, 
{y,xy}, {d 2 } and {di,d 3 } and the number of them is strictly less than 
the index of K and H . If C 2 C H is the coalgebra associated to d 2 then 
the third equivalence class determine in the decomposition \27B\ the free 
K -module C 2 K = C 2 whose rank is less then the dimension of C 2 . 



3. More on coset decomposition 

Let if be a semisimple Hopf algebra and A be a Hopf subalgebra. 
Define H/ /A = H/HA + and let n : H — ► H/ /A be the natural module 
projection. Since HA + is a coideal of H it follows that H//A is a 
coalgebra and n is also a coalgebra map. 

Let k be the trivial ^4-module via the counit e. It can be checked 
that H/ j A = H ® A k as if -modules via the map h —>■ h £g> A 1. Thus 
dimfcif/ 1 A = rank A if. 

If L and K are Hopf subalgebras of H define LK / / K := LK/ LK + . 
LK is a right free iT-module since LK G M. 1 ^- A similar argument 
to the one above shows that LK/ / K = LK ® K k as left L-modules 
where k is the trivial i\~-module. Thus dim.kLK//K = Yd,nk K LK. It 
can be checked that LK + is a coideal in LK thus LK/ /K has a natural 
coalgebra structure. 
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Theorem 3.1. Let H be a semisimple Hopf algebra and if, L be two 
Hopf subalgebras of H . Then L//LHK = LKj /K as coalgebras and 
left L-modules. 

Proof. Define the map (f> : L —>■ LKj jK by (f)(1) = I. Then (f> is the 
composition of L ^ LK —>■ LKj / K and is a coalgebra map as well as a 
morphism of left L-modules. Moreover is surjective since Ik = e(k)l 
for all I G L and k 6 K. Clearly L(L C K) + C ker(0) and thus 
induces a surjective map (f> : L/ / LC\ K —> Lif/ /if. 
Next it will be shown that 

, \ IXrl |Lif| 

(3.2) 



|Lnif| |if| 

which implies that </> is bijective since both spaces have the same dimen- 
sion. Consider on Itt(H*) the equivalence relation introduced above 
and corresponding to the linear operator L A o R A . Assume without 
loss of generality that C\ is the equivalence class of the character 1 and 
put d — 1 the trivial character, in the formula 12 .81 Thus 777 r#r ~~ 



\L\\K\ e ( 0l )- 

But from the definition of ~ it follows that a\ is formed by the char- 
acters of the coalgebra LK. On the other hand A L = Y^deirr(L*) e (d)d 
and A K = J2deirr(K*) e (d)d (see [1]). Equality 13.21 follows counting 
the multiplicity of the irreducible character 1 in A K A L . Using [8] 
we know that m(l , dd') > if and only if d' = d* in which case 

m(l ,dd') = 1. Then m(l, fa fa) = ^ Edeirr(Ln^) < d f = JLm 
and m(l, -fh) = = t^t. □ 

V ' e(ai)' e(ai) \LK\ 

Corollary 3.3. If K and L are Hopf subalgebras of H thenrw^xLK = 
rank LnK L. 

Proposition 3.4. Let H be a finite dimensional co semisimple Hopf 
algebra and K, L be two Hopf subalgebras of H such that KL = LK . 
If M is a K -module then 

M ] L K K [ L = (M U nK ) T L 

as left L-modules. 

Proof. For any if -module M one has 

M ] LK [ L = LK ® K M 

while 

(M W) T L = L ® LnK M 

The previous Corollary implies that rank^Lif = rank inK L thus both 
modules above have the same dimension. 
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Define the map : L®l^kM — > LK®kM by (p(l^)LnK^i) = l®Km 
which is the composition of L ® LnK M <— > LK (g) LnK M — > LK ® K M. 
Clearly is a surjective homomorphism of L-modules. Equality of 
dimensions implies that is an isomorphism. 

□ 

If LK = H then the previous theorem is the generalization of Mackey's 
theorem decomposition for groups in the situation of a unique double 
coset. corollary 



4. A DUAL RELATION 

Let K be a normal Hopf subalgebra of H and L = H/ / K. Then 
the natural projection 7r : H — > L is a surjective Hopf map and then 
7r* : L* — > H* is an injective Hopf map. We identify L* with its image 
7r*(L*) in H* . This is a normal Hopf subalgebra of H* . In this section 
we will study the equivalence relation k on Irr(i?**) = Itt(H). 

The following result was proved in pp. 

Proposition 4.1. Let K be a normal Hopf subalgebra of a finite di- 
mensional semisimple Hopf algebra H and L = H/ /K. If ti e L* is 
the integral on L with ti(l) = \L\ then e K 1^= t^ and t^ ix~ jK\ e K 

Proposition 4.2. Let K be a normal Hopf subalgebra of a semisimple 
Hopf algebra H and L = H//K. Consider the equivalence relation 



L* , i 

a common constituent. 



l* k on Then x ~ ^ if and only if their restriction to K have 



Proof. The equivalence relation fc on Irr(if ) becomes the following: 
X ~ /i if and only if m H (x, t L n) > 0. On the other hand, applying the 
previous Proposition it follows that: 

™ H (X, t L /i) = m H {t* L , nx*) = ™ H {t L , VX*) 

= m H ( e Tj> MX*) = rn K (e K , Ox*) l K ) 
= m K (e K , ii [ K x* l K ) = m K ( X i K , V i K ) 



Thus x ~ yu if and only if their restriction to K have a common con- 
stituent. □ 

Theorem 4.3. Let K be a normal Hopf subalgebra of a semisimple 
Hopf algebra H and L = H//K. Consider the equivalence relation 
r L*, k 071 lrr ( H )- Then X ~ H if and only if -^x U= ^M U 
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Proof. Let Ci,C2, • • -Ci be the equivalence classes of ~ on Irr(ff) and 
let 

(4-4) ai = J2x(l)x 

for < i < I. If Ci is the equivalence class of the trivial character e 
then the definition of r^* k implies that a± = t L . Formula from Remark 
becomes 



X t 



L 



X(l) \L\ 

for any irreducible character \ G C\. 

Restriction to K of the above relation combined with Proposition 
14.11 gives: 

X i K a i Ik 



(4.5) 



Thus x ~ A* if an d only if - — - 



X(l) ai(l) 
x(i) ~~ Mi)" 



4.1. Formulae for restriction and induction. The previous the- 
orem implies that the restriction of two irreducible if -characters to 
K either have the same common constituents or they have no com- 
mon constituents. Let tu be the integral on H with £#(1) = 1. 
One has that \H\t H = Yl\=i a i as I-^I^h i s the regular character of 
H . Since H is free as X-module |TTJ] it follows that the restriction of 
\H\t H to K is the regular character of K multiplied by |ff|/|if|. Thus 
IO i K = \H\/\K\{\K\t K ). But \K\t K = E a& rr(K) «(!)« and Theo- 
rem 14.31 implies that the set of the irreducible characters of K can be 
partitioned in disjoint subsets Ai with 1 < i < I such that 

' ' aeAi 

Then if x G Ci formula 14.51 implies that 

x (l) \H\ ^ 

Let \Ai\ = YliaeAi a<1 (X)- Evaluating at 1 the above equality one gets 
cij(l) = jlql^l- By Frobenius reciprocity the above restriction formula 
implies that if a G Ai then 



, z < ( 1 1 .i. ; I / ./ \ — . . OL ( 1 ) \H 



a(l) 


\H\ 


Oi(l) 


\K\ 



aAl) \K\ 



■a,- 
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□ 

5. Restriction of modules to normal Hopf subalgebras 

Let G a finite group and H a normal subgroup of G. If M is an 
irreducible ii-module then 

M ]%[%= ® s l=1 9 >N 

where 9 N is a conjugate module of M and {<?i}i=i )S is a set of repre- 
sentatives for the left cosets of H in G. For g G G the if-module 9 N 
has the same underlying vector space as N and the multiplication with 
h G H is given by fo.n = (g~ 1 hg)n for all n G iV. It is easy to see that 
9jV ^ e'N if <?iV = #'iV\ 

Let K be a normal Hopf subalgebra of if and M be an irreducible X- 
module. In this section we will define the notion of conjugate module 
to M similar to group situation. If d G Irr(if*) we define a conjugate 
module d M. The left cosets of A' in if correspond to the equivalence 
classes of r H . We will show that if d. d' are two irreducible charac- 

K, k ' 

ters in the same equivalence class of then the modules d M and 
d ' M have the same constituents. We will show that the irreducible 
constituents of M \kIk an d ®d&rr(H*) d M are the same. 

Remark 5.1. Since K is a normal Hopf subalgebra it follows that A K 
is a central element of H (see $\) and by their definition r^_ = . 
Thus the left cosets are the same with the right cosets in this situation. 

5.1. Let K be a normal Hopf subalgebra of H and M be a iT-module. 
If W is an if *-module then W ® M becomes a i^-module with 

(5.2) k(w ® m) = wq ® (S{wi)kw2)rn 

In order to check that W ® M is a i^-module one has that 

k.(k'.(w ® to)) = k(w <8> (S(wi)k'w2)m) 

= w <S> (S(wi)kw 2 )(S(w 3 )k'w i ) 

= w <S> (S(wi)kk'w2)m 

= (kk').(w ® to) 

for all k, k' G K, w G W and m G M. 

It can be checked that if W = W as H *-modules then W ® M = 
W <S) M. Thus for any irreducible character d G Irr(if *) associated to 
a simple if-comodule W one can define the i^-module d M = W <S> M. 
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Proposition 5.3. Let K be a normal Hopf subalgebra of H and M be 
an irreducible K -module with character a G C(K). Suppose that W is 
a simple H* -module with character d G Itt(H*). Then the character 
a d of the K -module d M is given by the following formula: 

ot d {x) = a(Sdixd 2 ) 

for all x G K. 

Proof. Indeed one may suppose that W = k < xu \ \ < i < q > 
where C d = k < xtj \l<i,j<q>is the coalgebra associated 
to W and q = e(d) = \W\. Then formula E2] becomes k(xu <8> w) = 
Y^j 1=1 Xij<S)(S(xji)kxij)m. Since d = Y^i=i x a one S e ^ s ^ ne ^ ne formula 
for the character a.. □ 

a 

For any d G Irr(if*) define the linear operator c d : C(K) — > C(K) 
which on the basis given by the irreducible characters is given by 
c d {a) = a d for all a G Ixr{K). 

Remark 5.4. From the above formula it can be directly checked that 
dd 'a = d { d 'a) for all d,d' G Irr(#*) and a G C(K). This shows that 
C(K) is a left C(H*) -module. Also one can verify that d (a*) = ( d a)* . 

Proposition 5.5. Let K be a normal Hopf subalgebra of H and M be 
an irreducible K -module with character a G C(K). If d, d' G Irr(if*) 
lie in the same coset of r H then d M and d M have the same irre- 
ducible constituents. Moreover 44- = -^Cr 

Proof. Consider the equivalence relation T 1 ? from section [2] and H = 
@ s i=1 Bi the decomposition from Corollary 12.61 Let Bi, ■ • • ,B S be the 
equivalence classes and bj defined as in 12. II Then formula 12.91 becomes 

1 ■ J e(d) \K\ ~ e(6i) 

where Ak is the integral in K with e(A#) = \K\ and d G B^. Thus 

a b .(x) = a(S(b i ) 1 x(b i ) 2 ) = 



e{d)\K 



e(d)\K 
e(b, 



■a(£(dAJ>(dAJ 2 ) = 
■a(S((A K ) 1 )S(d 1 )xd 2 (A K ) 2 ) 



e(d) 

c(60 
e(d) 



a(S(di)xd2) 
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for all d G Bi. 

This implies that d ~ d' then -?4- = S\- D 

Let iV be an if -module and W an if *-module. Then W ® N becomes 
an if -module such that 



(5.7) h(w ® m) = w (gi (S(wi)hw2)m 

It can be checked that W ® iV = iV^I as if -modules. Indeed the map 

<p :W ® N ^ c W ® N, w ® n ^ Wq® W\n 

is an isomorphism of if -modules where e W is considered left if -module 
with the trivial action. Its inverse is given by w ® m i— ► wq (g> S(wx)m. 
To check that is an if -module map one has that 

<p(h.(w (g) n)) = <P(wq (g (S(wi)hw2)m) 
= wo <g Wi(S(w2)hw 3 )m 

= W ® hWiUl 

= h.{wQ®w\m) 
= h(p{w (g m) 

for all w G W, m G M and he H. 

Proposition 5.8. Let K be a normal Hopf subalgebra of if and M 6e 
an irreducible K-module with character a G C(K). If d G Irr(if*) t/ien 

Kd) * ]k= ]k 

Proof. Using the notations from subsection 14.11 let A% be the subset of 
Irr(if) which contains a. It is enough to show that the constituents of 
a d are contained in this set and then the induction formula [4.61 from the 
same subsection can be applied. For this, suppose N is an irreducible 
if -module and 

(5.9) N [ K = @UNi 

where iVj are irreducible fT-modules. The above result implies that 
W ® N = N\ w \ as H -modules. Therefore (W <g> N) [ K = N [ K m as 
fT-modules. But (W <g> N) [ K = ®' =1 (W <g N { ) where each W <g> N { is a 
fT-module by 15.11 Thus 

(5.10) ®Ui nF 1 = <8> N t ) 

This shows that if Ni is a constituent of N l K then <g> Ni has all the 
irreducible if- constituents among those of iV l x . Formula 14.61 applied 
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for each irreducible constituent of a d gives that 

(5.H) idf d]HK=a]H « 

for all a G Irr(ff) and d G hr(H*). □ 

Proposition 5.12. Let K be a normal Hopf subalgebra of H and M 
be an irreducible K-module. Then M \kIk an d ®d&rr{H*) d M have the 
same irreducible constituents. 

Proof. Consider the equivalence relation r H from Section [2] and let 
£>!,■■• , B s be its equivalence classes. Pick an irreducible character 
di G Bi in each equivalence class of r^ and let Cj be its associated 
simple coalgebra. Then Corollary 12.61 implies that H = @ s i= iCiK. It 
follows that the induced module M |^ is given by 

M Tj= H ® K M = ® s i=l CiK ® K M 

Each C{K ® K M is a i^-module by left multiplication with elements of 
K since 

k.(ck' <S>k m ) — Ci(Sc2kc 3 )k' ® K m = c\ ®k {Sc^kc^k'm 

for all k,k' G K, c G Cj and m G M. Thus M | restricted to 
K is the sum of the i^-modules CiK ® K M. On the other hand the 
composition of the canonical maps Ci®K <^-> CiK®M — > C{K® K M is 
a surjective morphism of X-modules which implies that CiK® K M is a 
homeomorphic image of e(c?j) copies of di M. Therefore the irreducible 
constituents of M \kIk are among those of ®deirr(H*) d M. In the 
proof of the previous Proposition we showed the other inclusion. Thus 
M Txlx anc l ©rfeirr(H*) d ^ have the same irreducible constituents. □ 
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